THE REGULARITY OF SOLUTION FOR A GENERALIZED
HUNTER-SAXTON TYPE EQUATION
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ABSTRACT. The cusp singularity, with only Holder continuity, is a typical singularity formed in the
quasilinear hyperbolic partial differential equations, such as the Hunter-Saxton and Camassa-Holm
equations. We establish the global existence of Holder continuous energy conservative weak solution
for a family of Hunter-Saxton type equations, where the regularity of solution varies with respect to
a parameter. This result can help us predict regularity of cusp singularity for many other models.
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1. INTRODUCTION

We consider a family of nonlinear wave equations parameterized by A, which have the form
ute + f' () tag + A f"(u) uf = g(u, uy). (1.1)

Here v = u(x,t) is a scalar function defined for (z,t) € R x RT. More intuitively, equation (1.1)
can be formally written as

Uty + (f/(u))li)\ [(f/(u)))‘ uw]x = g(u, ug) .

Equation (1.1) includes several important and interesting models when A takes different values.

e When A = 1, g(u) = 0: ut + (f(u))z = 0 is a scalar hyperbolic conservation law. The
solution in general forms discontinuities (shock waves). We study BV existence. See [12].

e When )\ = %, f(w) =u, gu) =0: Uy + v g, + %(um)2 = 0 is the Hunter-Saxton equation,
a simplified model from nematic liquid crystals [2, 4, 13, 14, 15], where global H' Solutions
were found [4, 5, 8, 13, 14, 15|, after the formation of cusp singularity.

e When )\ = i, f'(u) = u® with any positive integer a and g(u, uz) = vt — P — Q,:

Uty + U Upy + %u“fl(um)2 — w4+ P+ Q. =0. (1.2)

where P := p* [222497 (4,)2 + uH!] and Q := @p* [u®2(u,)3]. This equation gives

Camassa-Holm equation when a =1 (A = %) with H' solution [1, 3], and Novikov equation
when a =2 (A = ) with W' solution [6, 7).

One common feature of these equations is the finite time gradient blowup of solutions even with
smooth initial data. The regularity of (1.1), has been considered by two earlier papers of the authors:
in [10] when g = 0, we showed that there exists a global energy conservative Holder continuous weak
solution for (1.1) with exponent 1 — A, when A € (0, 1). Later in [11], we proved that for the global
existence of conservative type Holder continuous solutions for (1.2), i.e. (1.1) with non-local source
g, with exponent 1 — A =1 — i, for a > 1, i.e. when A < % Here the regularity of solution is
especially consistent with earlier results on Camassa-Holm and Novikov equations.

Now we propose the following conjecture.

Conjecture: When X\ € (0,1), for the initial value problem of (1.1) with reasonable condition on
g, there is a global Hélder continuous solution on both x and t with exponent 1 — .
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Loosely speaking, the Holder exponent 1 — X in the conjecture comes from the one dimensional
Sobolev embedding Wiy < C91=2 where the equation (1.1) satisfy energy conservation or balance
law on (ug)'/*. The regularity of Holder continuous solution including cusp singularity in the
conjecture is basically consistent with existing results at the ending values when A = 0 and 1.

In this paper, we address one big missing piece for this conjecture: the regularity of solution
when v € (%, 1). For simplicity, we only consider the case when the source term g = 0.

Theorem 1. We consider the initial boundary value problem of (1.1) on the region (z,t) € RT xR
with constant parameter \ € (0,1) and g = 0. As initial and boundary data we take

w(0,6) =0,  u(x,0) = uo(z) € W3 (RY), (1.3)
and a compatibility condition
up(0) =0 and u,(0)=0. (1.4)
We further assume that f(u) is a C? function satisfying
f(0)>0,  [f'(w) = f"(u2)| < Llug —ua|, Yur,uz € R

for some constant L, and |f"(u)| is uniformly bounded.
For any given time T € (0, 00), this initial-boundary value problem admits a weak solution u(x,t)
defined on R™ x [0,T)] in the following sense.

(i). The equation (1.1) is satisfied in the weak sense, i.e., for any ¢ € CLH(RT x [0,T]),

T oo
/0 /0 { — g (¢ + f () de) + (A= 1) f/(u)u? qﬁ} dx dt = 0. (1.5)

(ii). The initial and boundary conditions (1.3)—(1.4) are satisfied point-wise.

1
(iii). For any fized t > 0, the function u(-,t) is in VVllo’CA (RT), hence is locally Holder continuous
with exponent 1 — X by the Sobolev embedding Theorem.

1
Here VVllOCX (RT) is the Sobolev space with standard notation. The assumption that f’(0) > 0
protects that the wave on the boundary x = 0 does not flow in an outward direction.
The rest of this paper is organized as follows. In Section 2, we will introduce the characteristic
coordinates and semilinear equations. In section 3, we show the existence of semilinear equations,
then in section 4, we do the reverse transformation to obtain solutions for the original equation.

2. NEW COORDINATES

In this section, we derive a semi-linear system of (1.1) for smooth solutions by introducing a set
of new variables. Consider the equation of the characteristic

dz(t) o c
a f (u(a: (t)vt))'

The characteristic passing through the point (x,t) will be denoted by

a— x°(a; z,t) or equivalently bw— t°(b; xz, t),
where a and b are the time and space variables of the characteristic, respectively. Then we introduce
the change of coordinates (x,t) — (Y, 7) where

SO0 (14 w2 (!, 0)) S o,

when the characteristic passing (x,t) interacts t = 0;

—t°(0; z, t) f(0)
when the characteristic passing (x,t) interacts x = 0,
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with (z,t) € RT x [0,7] and 7 := ¢. This implies
Yi+ f(u)Y, =0, =1 and 7,=0,
from which, one has for any smooth function m,

{ my + f'(u)yme = my (Y + f'(w)Yz) + my (1e + f'(w)72) = mo,

2.2
My =My Yy + My Ty = My Y. (22)

Now we formulate a set of equations on (Y, 7)-coordinates which is equivalent to (1.1). The
following further variables will be used:
2\ L
(1+u2)3
Y, '
By a direct calculation, we obtain a semi-linear system, c.f. [10]

v:=2arctanu, and §&:=

uy = £Sin%(cos§)%_l,

vy = —2Xf"(u)sin® %, (2.3)

& = 3&f"(w) sinv.
We remark here that semi-linear system (2.3) is invariant under translation by 27 in v. It would
be more precise to use eV as variable. For simplicity, we use v € [—, 7| with endpoints identified.
We now consider the initial-boundary conditions of system (2.3) in the coordinates (Y, ), cor-
responding to (1.3) and (1.4) in the original coordinates (z,¢). By (2.1), we know that, the initial
lines 7 = 0 and ¢ = 0 are the same line. Moreover, the line z = 0 (¢ > 0) in the (z,t¢) plane is
transformed to a curve Y :=T'y(7) in the (Y, 7) plane defined by

Y =Ty(r) = —f(0)r.

Recall f'(0) > 0. Thus, the coordinates transformation maps the domain (R*,[0,7]) in the (z,t)
plane into the set
Q:={Y,7); Y >I4(r), 0<7<T}
in the (Y, 7) plane. Then we can supplement the initial-boundary data for (2.3) as follows.
The initial data on (Y,0) with Y > 0 are

u(Y,0) = wuo(z(Y,0)),
v(Y,0) = 2arctan(uj(z(Y,0))), (2.4)
£Y,0) = 1.
The boundary conditions on Y = I'y(7) with 0 < 7 < T are
u(ly(r),7) = 0,
o(Ty(r)7) = 0, 25)
EDp(r), 1) = L

3. EXISTENCE ON THE NEW COORDINATES
Now we prove the existence of solution for system (2.3) with initial and boundary data (2.4)—(2.5).

Theorem 2. Assume all conditions on initial and boundary data in Theorem 1 hold. Then the
corresponding problem (2.3) with initial-boundary data (2.4)-(2.5) has a solution defined for all
(Y, 1) € Q.

Proof. We first show a local existence result by finding a local solution as fixed point of a suitable
integral transformation. To this end, we divide the region €2 into two subregions: (2 = ; Uy, with
Q:={Y,7); 7>0, I't(1) <Y <0}, Qo :={(,7); 7>0, Y >0},

Specifically, if f/(0) = 0, then Q = Qs.
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Now we first discuss a local existence of solutions in the region €2 near the point (0,0). For fixed
constant K71 > 0 and for some 0 < a < 1 — A, consider a set

K= {(u,U@))H(U,0,5)(Y,T)Hoa(9151) < Ki, [[(uy, ve, &) (Y, )| Lo (0y5,) < K

(.0, )(To(7),7) = (0,0, 1)}
where §; > 0 is a small constant and

Qis, = {(Y.7) € Q1 ¢ dist((Y,7),(0,0)) < 61}
For (u,v,§) € Ky, consider a map

Ti(u,v,€) = (@, 8,£)
defined by the solution of (2.3). More precisely,

Y v V.1
w(Y, ) = / ¢ sin — (cos )XY, 7)dY”, (3.1)
Ly (7) 2 2
(Y, T) = —2A / F(u) sin? S (Y, 1) dr', (3.2)
r;(Y) 2
~ 1 /7
Y, 1) =1+ / Ef"(u) sinv (Y, 7')dr'. (3.3)
2 Jr;v)

It is clear that (a,@,é)(rb(r),f) = (0,0,1) and the space K; is compact in C%(Qy5,). From the
Schauder fixed point theorem it follows that to obtain the existence of solutions of system (2.3) in
1, our goal now is to show that the map 77 is continuous under C° norm and maps K; to itself. In
fact, a straightforward computation can check that the map 77 is continuous. By (3.1)—(3.3), if d; is
small enough, 71 maps K to itself. For example, @y is bounded, so 4 is Lipschitz in the Y-direction.
In the 7 direction, the C* norm of 4 is less than or equal to C'; times ||(u, v, &)(Y,7)||ce for some
constant C. We refer readers to [9] for more details.

Therefore, we have a fixed point (u,v,£) € Ky for the map 77.

Similarly, for the local existence in the region {2 near the curve 7 = 0, we apply the fixed point
argument to the following maps obtained by integrating the system (2.3):

,E(U’?U?f) = (ﬁ7 1775)7

where

Y
u(Y,T):u(O,T)—I—/ gsm%(cosg)%*l(y',f) dy’,
0

o(Y,7) = 2arctan(ug(z(Y,0))) — 2\ /T £ (u) sin® g(Y, )dr',
0

1 T
Y, 1) =1+ 2/ € f(u) sinv (Y, 7') d7’,
0
for any point (Y, 7) € Qa5, := Qo N {7 < §1}. For sufficiently large constant Ko > 0, define the set
Ko = {(ua%5)’H(Uw,f)(YJ)Hcam%) < Ko, |[(uy, vr, &) (Y, )| oo (0y5,) < Ko,

(u:2,€)(0,7) = (@5,)(n)}.
where 05 < 7 is a small constant and
Dos, = {(Y, T) € Qgg, = dist((Y,7),{r =0}) < 52}.
Note that the functions (u,v,&)(0,7) are achieved in 15 by map 71, so (u,v,£)(0,7) are C*

continuous. It is clear that (u,v,£)(0,7) = (u,7,£)(7) and the space Ky is compact in C°(€ss,).
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Hence, similar to the existence in €25, , by selecting appropriate constants K> and then dy, the map
T is continuous under C° norm and maps s to itself, the local existence of solutions in Qs will
follow from the Schauder fixed point theorem.

To extend this local solution to the whole domain €2, one must establish a priori bounds, showing
that & remains bounded on bounded sets. This is obviously. Since f”(u) is uniformly bounded
above, using the last equation in (2.3), we could find a priori upper bound of &, i.e.

£< ea:p{ T (g?xg(f”(u))}-

Thus we have the global existence Theorem 2. O

4. SOLUTIONS IN THE ORIGINAL VARIABLES

In this section, we show that the solution in the (Y, 7)-coordinate can be expressed by the original
variables (z,t). The proof will be given in several steps.

Step 1. Firstly, we need the inverse transformation on the solution of the semi-linear system to
construct the solution to (1.1). By (2.2), set ¢ = 7 and

ry = &(cos? g)ﬁ, zr = f'(u). (4.1)

By a direct calculation, one has .y = f”(u) sin § (cos %)%_1 = xy,, so two equations in (4.1)

are equivalent. Hence, if the solution exists, we can define the function z(Y,7) based on the region
where (Y, 7) is located. For example, if (Y, 7) € 4, then

T

Y V.1
2V, 7) = /F E(cos” DA (Y, 7)Y = /F Fu)(Y, ) dr'.

b(7) ;)

If (Y, 7) € Qg, then

Y
:c(Y,T):/F()f(cos f)% 7)dY' = / £(cos® = %(Y' ay’ + / f(u)(Y, ") dr’.

Step 2. We claim that a solution of (1.1) can be obtained by setting

u(x,t) = u(x(Y, 7), t(T))

although the map (Y,7) — (z,t) constructed above may not be one-to-one. That is, for any fixed
point (z,t), the values of u do not depend on the choice of Y. In fact, if x(Y1,7*) = z(Ys, 7*) = z¥,
for two points (Y7,7*) and (Y2, 7*) in Q and Y] < Y3, then by the monotonicity of x on Y given in
(4.1), we obtain xy (Y, 7") = f(cos%)% =0 for Y € [Y1,Y]. This yields cos§ = 0 for Y € [Y1,Y3].
Moreover, by (2.3), then uy =0 when Y € [Y7,Ys]. Therefore we get u(Y1,7*) = u(Ya, 7).

Step 3. Finally, the function u(zx,t) is in the space T/Vl “(R*). For any time ¢ € [0,7] and
bounded interval [z, z2] € RT, recalling (2.3) and (4.1), one gets

x2 Y> 1 Yo
/ ‘U:v|id55:/ ‘ufy1 Af(COSE)%dYZ |Sing\%§dY<oo.
1 vi '&(cosg)x 2 Y1 2

Hence, the function u(-,t) € VVZ 5 (RT) for any t > 0. By the Sobolev embedding Theorem, this
implies the locally Holder continuity with exponent 1 — X\ of u as a function of x.
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Step 4. Finally, we prove that the function u = u(z,t) provides a weak solution of (1.1). For
any test function ¢ € CL(R* x [0,T]), by (2.3) and (4.1), we see that

Sy I = e (1 1) 60) + (A= 1) (w)u2 ¢} dx dt
= [ Jvryen { —uy ¢y + (A — 1) f"(u)€ sin® §(cos &) 2 ¢>} dy dr

= [ e { € sin % (cos )3 1) + (A — 1) f"(u)€ sin® §(cos )3 2}¢deT
=0,
which is exactly (1.5). This completes the proof of Theorem 1.
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